The problems of determining the B-spline form of a C 2 Pythagoreanhodograph (PH) quintic spline curve interpolating given points, and of using this form to make local modifications, are addressed. To achieve the correct order of continuity, a quintic B-spline basis constructed on a knot sequence in which each (interior) knot is of multiplicity 3 is required. C 2 quintic bases on uniform triple knots are constructed for both open and closed C 2 curves, and are used to derive simple explicit formulae for the B-spline control points of C 2 PH quintic spline curves. These Bspline control points are verified, and generalized to the case of non-uniform knots, by applying a knot removal scheme to the Bézier control points of the individual PH quintic spline segments, associated with a set of six-fold knots. Based on the B-spline form, a scheme for the local modification of planar PH quintic splines, in response to a control point displacement, is proposed. Only two contiguous spline segments are modified, but to preserve the PH nature of the modified segments, the continuity between modified and unmodified segments must be relaxed from C 2 to C 1 . A number of computed examples are presented, to compare the shape quality of PH quintic and "ordinary" cubic splines subject to control point modifications .
Introduction
By incorporating special algebraic structures, Pythagorean-hodograph (PH) curves offer exact algorithms for many fundamental computations that incur numerical approximations for "ordinary" polynomial curves [8] . In geometric design, computer graphics, robotics, real-time motion control, and related applications, the PH curves furnish basic geometric utilities of significantly enhanced accuracy and efficiency. In the realm of PH curves, the quintics are widely exploited as basic design elements, offering shape flexibility analogous to that of the "ordinary" cubics -for example, PH quintics can satisfy first-order Hermite data as single segments, or interpolate sequences of point data with C 2 continuity as multi-segment PH quintic splines.
The standard approach to constructing PH splines is by interpolation of point data, which entails solving tridiagonal systems of quadratic equations. Although the PH curves form a proper subset of the polynomial curves, they do not admit intuitive characterizations through geometrical constraints on their Bézier/B-spline control points -except for the cubics [14, 15] . For PH splines interpolating a sequence of points, the custom has been to represent them as sets of Bézier segments [1, 11] . The goal of this study is to determine the B-spline representation of PH quintic splines, and to use it to formulate a local modification scheme based on displacements of the B-spline control points, that preserves the PH nature of each spline segment.
In order to import C 2 PH quintic splines into commercial CAD systems, it is necessary to express them in the universally recognized B-spline free-form geometry representation. This problem involves determining the knots and control points that exactly define the B-spline form of a C 2 PH quintic spline, specified as a sequence of Bézier curve segments. Although "ordinary" quintic B-spline curves with only simple (interior) knots exhibit C 4 continuity, a PH quintic spline is only C 2 continuous. To accommodate the reduced continuity, a B-spline basis used to specify C 2 PH quintic splines must be constructed on triple knots. Moreover, to exploit the advantageous properties of PH curves, the B-spline knots and control points must be augmented with further data specifying the "internal PH structure" of each spline segment.
